We prove that certain scalar massless charged Green functions, found by Guimarães and Linet in the manifold around a straight cosmic string carrying a magnetic flux, can be analytically continued in the Rindler space together with the corresponding renormalized stress tensor. These functions seem to be related to grand-canonical ensemble states of a massless scalar charged field in the Rindler wedge. In fact, they satisfy customary requirements of the thermal quantum field theory for every value of the chemical potential µ. Nevertheless, on a physical ground, one expects that these two-point functions should not define quantum states a priori, because relativistic massless particles require µ = 0 necessarily. This follows directly from the definition of partition function in a finite spatial volume. Actually, the considered situation is more complicated because the spatial section of the Rindler wedge has an infinite volume and no partition function can be directly defined. The solution of this somehow weird problem arises from algebraic approaches. These functions does not define a positive-defined sesquilinear functional on the algebra of 3-smeared observables, thus no GNS construction procedure can be implemented and no Hilbert-Fock representation can be built up. Some remarks are finally reported on the massive case, where our negative result should not arise and the analytic continuation of the Guimarães-Linet Green functions should define true grand canonical Rindler quantum states.
Introduction
This paper is devoted to investigate a problem related to a Rindler analytic continuations of certain Green functions found by Guimarães an Linet in [1] in the manifold of a straight cosmic string. These Green functions are defined in the presence of a magnetic flux inside of the string singularity. We shall see that one can analytically continue these Green functions as well as the magnetic flux toward imaginary values, obtaining a set of Rindler two-point functions which seems to define a grand-canonical quantum state of charged massless scalar Rindler particles for every value of the chemical potential µ. In particular they satisfy several conditions usually considered necessary in order to implement a quantum field theory.
On the other hand, we expect that this result cannot be consistent on a physical ground. In fact, at least in the case of a theory in a spatially finite ultrastatic manifold (see Appendix), it is well-known that the chemical potential of a relativistic grand-canonical ensemble has to satisfy (posing |e| = 1 the value of the elementary charge):
where E 0 is the smallest eigenvalue of the Hamiltonian operator. In our case E 0 = 0 due to the vanishing particles mass and thus the only physically possible value should be µ = 0.
Rindler's manifold is not ultrastatic and its spatial sections are not finite. The partition function cannot be directly defined just due to these volume divergences (one could employ path integrals techniques and further regularizations approaches as ζ-function approaches, however, we shall not deal with those here). Thus, the picture more complicated and, a priori, it is not so clear how the impossibility to build up a quantum field theory actually arises starting from the found two-point functions.
Similarly, a priori, we cannot discard the possibility that our Rindler-continued Wightman functions describe quantum states which are not grand-canonical quantum states, and thus the imaginary continuation of the magnetic flux is not a chemical potential.
Exploring these topics, we shall see that the solution of the problem arises from the fact that our Wightman functions are not positive defined if µ = 0. Due to this, one cannot implement GNS constructions to define a Hilbert-Fock space in which representing a quantum field theory. This fact proves that the requirement of a nonvanishing µ, which holds in a finite-box, is strictly related to the requirement on the positivity of the algebraic state, in particular, in a curved space with a infinite spatial section. We think that our negative result should not arise in the massive case. In fact, we shall report some remarks which address to this positive conclusion. However, unfortunately, some complicated integral representations involved in the massive case do not permit explicit calculations.
This work is organized as follows. In next Section we shall perform the analytic continuation of the cosmic string Green functions and check some identities related to grand canonical ensemble quantum states.
The following Section is devoted to discuss the obtained results and prove the impossibility to build up a Hilbert-Fock representation of the theory. Some remarks are also reported on the massive case.
In the final Section we shall summarize the obtained results.
In the wide remaining Appendix we shall summarize some elementary aspects of the theory of the grand canonical two-point functions with particular reference to the algebraic formalism of QFT.
Grand-Canonical Wightman functions in the Rindler Wedge
In principle, from opportune time-periodic Euclidean Rindler Green functions, one can get either the thermal Wightman functions (equivalently the Feynman propagator) in the Rindler space [2] or the nonthermal Wightman functions (Feynman propagators) around a straight cosmic string, at least for β ≤ 2π (for example, see [3] where generalizations to the case β > 2π are also studied). This may be done by employing standard different imaginary-time analytic continuations. We remind the reader that the (time periodic) Euclidean Rindler metric reads:
This metric is referred the natural global coordinate system θ, ρ, y, z on the Riemannian manifold C β × IR 2 where:
C β is a cone of angular deficit β. Notice that the manifold, whenever β = 2π, contains metrical singularities at ρ = 0: the tangent space and the metric on this do not exist. When β = 2π, the manifold is regular everywhere and only our coordinates are singular at ρ = 0.
Looking for Lorentzian sections, one may interpret θ as the imaginary Lorentzian Rindler time and thus one may go back in the Lorentzian Rindler manifold performing an analytic continuation of our coordinates (as well as the metric) as: θ → −iτ . As is well-known, on a physical ground, the Lorentzian Rindler metric is the metric seen by uniformly accelerated observers, corresponding to the trajectories with ρ, y, z = constants, in a static globally hyperbolic submanifold of Minkowski space called (right) Rindler wedge. The relation between Minkowski coordinates t, x, y, z and Rindler coordinates τ, ρ, y, z reads t = ρ sinh τ,
where ρ > 0 and τ ∈ IR. The right Rindler wedge is then defined as the open Minkowski submanifold x > |t|, bounded by event horizons at t = ±x. The natural time-like Killing vector employed by accelerated observers is the boost ∂ τ instead of ∂ t . The quantum field theory of these observers is referred to that time. In particular, the value of β defines the temperature T = 1/β of the field quantum state for such observers.
Indifferently, we can perform the continuation z → −it obtaining the metric in the Lorentzian section of a cosmic string spacetime with time t. This manifold is not globally hyperbolic and thus the quantum field theory requires a certain care dealing with the singularity along the string [4] . On a physical ground, the constant β is now connected to the linear mass density of the string µ = (2π − β)/8πG.
At the value β U = 2π, corresponding to the well-known Fulling-Unruh temperature in the Rindler space (see [5] for a complete review) as well as the disappearance of the conical singularities at ρ = 0 in the Euclidean and the Lorentzian string manifold, Minkowski vacuum two-point functions and (β = 2π)-Rindler two-point functions are expected to coincide. This is due to the (local) coincidence of the corresponding quantum states stated by Bisognano-Wichmann and Sewell's theorems. A vast literature exists on these topics (see [5, 6, 7] and [8] for a recent review) also related to the physics of accelerated detectors [5] , [9] . In other contexts, the metric (2) it is also interesting because is a well-tried approximation of the Euclidean metric near a Schwarzschild black hole event horizon. The particular value β U is then related to Hawking's temperature of the black hole [5] .
Let us consider the Euclidean Green functions found by Guimarães and Linet in [1] . These are Euclidean Green functions of a charged scalar massless field propagating around a straight cosmic string carrying a magnetic flux. Actually, in [1] , the massive case has been also studied, anyhow we shall consider the massless case only, because we want to explicitly perform the analytic continuations which we are interested in and this is possible only in the massless case. Employing the notations (2) for the Euclidean Rindler metric, Guimarães-Linet's Green functions are (x ≡ (θ, ρ, x ⊥ )):
Above, Φ is the magnetic flux inside the string. Furthermore, γ is the fractional part of eΦ/2π (h = c = 1) and the quantity α is defined by:
These Euclidean Green functions satisfy proper distribution Green's identity (g is referred to the metric in (2)):
and fulfill quasi-periodic conditions:
(Notice that these functions are multivalued on the manifold C β × IR 2 .) Let us consider the analytic continuation of these Green functions toward imaginary values of the magnetic-flux fractional part γ → iβµ/2π, D iβµ/2π (x, x ′ ). Then, we shall consider analytic continuations also in the Rindler time. We aim to check whether or not it is possible to find a quantum field theory interpretation of Guimarães-Linet's Green functions in the Rindler space. For our proposal, we are interested also in the complex conjugate functions D iβµ/2π (x, x ′ ) * , where the conjugation takes place after the analytic continuation.
Let us start by remarking that the Green identity (5) can be verified for the magneticflux continued functions as well as for the complex conjugate ones, by using these functions as integral kernels on test functions of the form ∆f (x) and performing the analytic continuation of the magnetic flux in the final integral. Then, we notice that the condition (6) (and (7)) becomes the grand-canonical KMS condition (see Eq. (58) in Appendix) of Rindler (two-point) Schwinger functions. Then, the parameter β represents the inverse temperature of the state and the parameter µ the chemical potential. This is a first clue of a grand canonical ensemble theory in the Rindler space represented by our Green functions. Remaining on a general ground, we have to consider linear combinations of D iβµ/2π (x, x ′ ) and D iβµ/2π (x, x ′ ) * . Let us hence consider the following set of Schwinger functions labelled by two parameters p and q:
If we require that either Green's identity and Schwinger function KMS conditions remain satisfyed, we find that we have to impose the further constraint p + q = 1. Then, one can simply check that all these functions, non depending on p and q values, can be analytically continued in the Euclidean time defining a (p, q)-parametrized master function. This is defined everywhere in the complex Rindler time plane except for an infinite series of poles which we go to describe. There is a first pair of poles on the (Lorentzian) real time axis corresponding to Rindler light-like related arguments. These poles appear as
This condition corresponds to light-like related arguments. This is obvious when one translates it in Minkowski coordinates. Thus, due to the Rindler imaginary time periodicity of the denominator in (3), the above-written pair of poles is infinitely repeated by adding imaginary parts inβ, n ∈ Z Z to the first pair of poles. This is just the analytic structure required on a thermal master function from which one can obtain the pair of (two-point) Wightman functions of a thermal state (see Appendix). Let us focus our attention on the two-point Wightman functions D βµ pq± (τ − τ ′ , X, X ′ ) arisen by the analytic continuation toward the real Rindler time (see Appendix) θ − θ ′ → −i(τ − τ ′ ∓ iǫ) ǫ > 0 in the above-considered Schwinger functions. The parameter ǫ denotes either the way to reach the real axis in a functional interpretation or the usual ǫ prescription in a three-smeared "distribution" interpretation (see Appendix).
The canonical quantization requires that the Wightman functions satisfy the bosonic commutation relations. In formulae, it must be satisfied the three-smeared distribution interpretation:
(see (51) in Appendix). E(x, x ′ ) is the commutator, namely the advanced-minus-retarded scalar fundamental solution in the Rindler space. The expression of this function follows trivially from the well-known Rindler vacuum Wightman functions or by Minkowski vacuum Wightman functions (we remind the reader that this function does not depend on the considered state). It reads (x ≡ (τ, X)):
A direct check proves that our Wightman functions satisfy the identity above for every choice of p and q taking account of the constraint p + q = 1. Related calculations involve trivial distribution manipulations only and well-known identities as:
We shall not report on this further. Employing a three-smeared distribution interpretation again, the time-reversal invariance requirement reads (see Appendix and [2] ):
These identities hold trivially for every choice of p and q if one consider that, by definition of
Let us finally consider the requirement of the invariance under the combination of the charge conjugation and the chemical potential reversal (see Appendix). Such a requirement reads, in terms of two point Wightman functions:
Simple calculations involving our Wightman functions prove that Eq. (11) holds if, and only if, p = q = 1/2. Hence, we have found the Schwinger function (x ≡ (θ, X)):
The corresponding grand-canonical Wightman functions are (x ≡ (τ, X)):
where we have explicitly written the usual ǫ prescription. These functions are the only which satisfy all requirements we have imposed. We remark that this happens for every value of the parameter µ. It seems possible that they could represent a possible quantum state in the Rindler wedge, corresponding to massless charged particles.
As a further remark on our two point functions, let us consider the propagator. The Feynman propagator trivially follows employing Eq.(60) of the Appendix. Some calculations prove that this reads:
where the former term in the right hand side has to be understood in the sense of principal value [10] . As a final comment on the consistency of our results, we notice that, trivially, posing µ = 0 in the formulae above, we find the well-known canonical Schwinger and Wightman functions (e.g., see [11] and [12] and ref.s therein) and the canonical Feynman propagator. Moreover, we get the coincidence of the functions above with the corresponding Minkowkian ones at β = 2π and µ = 0, in particular:
where d(x, x ′ ) is the Euclidean distance between x and x ′ .
Let us finally consider the stress tensor related to the previous supposed grand-canonical quantum states. Going back in the Euclidean section of the manifold, we consider the Minkowski subtracted Schwinger function (x ≡ (θ, X)):
In our flat space, the Minkowski-renormalized stress tensor is then given by (e.g. see [5] ):
where ξ fixes the coupling with the gravitation and the factor 2 takes the two internal particle states (due to the conserved charge) into account.
The previous stress tensor depends on ρ at most and not on the remaining coordinates due to the strong symmetries of the space. Hence, the analytic continuation towards the Lorentzian time does not affect the previous tensor, which can be considered the Lorentzian renormalized one as well. The direct calculation of the previous limit along lines similar to those specified in [1] , as well as an analytic continuation of the result in [1] , gives 2 :
where:
In the case µ = 0, we obtain the well-known result for the canonical ensemble in the Rindler wedge or equivalently the zero temperature result around a cosmic string [13] .
Discussion on the found results
In the previous section, we have found two-point functions which seem to follow from a quantum theory. This holds for every value of the chemical potential µ. Anyhow, physical intuition suggests that our conclusion cannot be correct. This is because we expect that the only physically possible value of the chemical potential has to be µ = 0 in the case of a massless relativistic theory. This fact is obvious as far as the usually considered Minkowskian gas in a finite box is concerned. In this case, the requirement µ = 0 is a trivial mathematical consequence of the definition of the partition function and the vanishing particle mass. This requirement can be straightforwardly extended in a curved ultrastatic space-time, provided its spatial section be compact and thus finite (see Appendix). This is not the exact picture which we are dealing with in the Rindler space which is not ultrastatic and has a noncompact spatial section. Anyhow, we shall see that the final result does not change: our two-point function cannot describe quantum field theories.
Let us prove that our Wightman functions, for µ = 0, do not define a positive three-smeared sesquilinear functional on the complex C ∞ solutions of the field motion equation with compact support on the Rindler Cauchy surfaces. This result can be extended on the minimal * algebra of the observables built up by the field operators. Then, we find a functional, on this algebra, which is not positive defined. This only fact is sufficient to prove that, employing GNS constructions theorems at least, it is not possible to find any quantum field theory which admits our two-point functions as true two-point Wightman functions (see Appendix for more details).
We have to consider the sesquilinear forms, where the ǫ prescription is understood in evaluating the integrals:
and (f, g)
Above, f and g are complex C ∞ solutions of the Klein-Gordon equation with compact support on the Rindler Cauchy surface S (e.g., defined as τ = 0), h = 1 is the determinant of the induced metric on S, n a = −ρ −1 δ a τ is the normalized time-oriented vector normal to S. We remark that the given definitions do not depend on the choice of a particular Cauchy surface [14] .
We shall prove that, for every µ = 0, there is a function f (µ) among those considered above, such that:
As we said, this proves that the corresponding Wightman function does not define a positive defined functional on the (minimal) * algebra of the observables (see Appendix for more details). Employing the same way, one can find a similar function for the other Wightman function.
Let us proceed with our proof. We can write explicitly:
Hence, we take account of the possibility of fixing arbitrarily canonical data on the Cauchy surface S. Then we fix the complex wavefunction f such as:
Above, F is any compact support C ∞ (S) function. Employing such Cauchy data, the expression of (f, f ) βµ + reduces to:
Namely,
We stress that, as usually, one has to get the limit as ǫ → 0 + at the end of the calculations. The singularities arising as ρ → 0 or ρ ′ → 0 are harmless because the points at ρ (ρ ′ ) = 0 are not in the Cauchy surface S (the right Rindler wedge is open). The only singularities arise from the coincidence limit of spatial arguments which involves α = 0. As far as it is concerned, some calculations, involving the definition of α (4), lead us to:
It is obvious that, posing ǫ = 0, the inverse of the expression above has an integrable singularity for the measure dρdx ⊥ = dρdydz as (ρ, x ⊥ ) → (ρ ′ , x ′ ⊥ ), and thus also for our measure. Then, the vanishing limit of sin(2πǫ/β) as ǫ → 0 and the use of dominate-convergence Lebesgue's theorem lead us to the final expression:
Notice that the denominator is a nonnegative function for all the values of ρ and x ⊥ . If we were able to find a nonnegative C ∞ (S) compact support function F (µ) which is also strictly positive on a nonvanishing measure set K such that the numerator of the integral kernel in (23) is strictly negative on K × K, then also the final result of the integration would be strictly negative.
We can find such a function simply, in the case µ = 0. Let us start by noticing that S is diffeomorphic (and thus homeomorphic) to IR 3 through the map (ρ, x ⊥ ) → (ln ρ, x ⊥ ). In the following we shall identify S with IR 3 . Suppose now µ = 0, then we can find a value α µ such that cos(µα µ ) < 0. Furthermore, there is an open neighborhood I µ of the point α µ where the inequality cos(µα) < 0 is fulfilled everywhere. Let Ω µ be an open neighborhood in S ≡ IR 3 satisfying α(Ω µ × Ω µ ) ⊂ I µ . This set exists because α is a continuous map and the Cartesian product of open sets of S define a base of the topology in S × S. As is well known (e.g., see [15] ), choosing an open set Ω µ = ∅ of IR 3 (more generally of IR n ), one can find another open set Ω ′ µ = ∅ and a nonnegative C ∞ function F (µ) with compact support S such that Ω ′ µ ⊂ S ⊂ Ω µ and F (µ) (x) > 0 on K = Ω ′ µ . Notice also that due to the diffeomorphism above (with an improper use of the notations) K dρρ −1 dx ⊥ = K d(ln ρ)dx ⊥ > 0 because this is the Lebesgue measure of (the closure of) a nonempty IR 3 open set. Finally, we have found a nonnegative compact support smooth function F (µ) which is strictly positive on a set K with a nonvanishing measure, furthermore, the integral kernel in (23) is strictly negative on K × K. As we said, this proves our result.
We remark that our proof does not work in the case µ = 0. In this case, our Wightman functions become the canonical-ensemble Wightman functions which are supposed to describe a quantum field theory correctly.
The massive case also studied by Guimarães and Linet is much more hard to study. This is because of complicated integral representations which do not permit to perform a direct analytic continuation. However, we think that, very probably, our negative result should not arise in this case for two reasons at least. First, physical intuition based on results obtained in finite volume box, does no requires µ = 0 in the massive case. Moreover, due the lack of the constraint above, we can suppose the existence of Rindler grand canonical quantum states for massive particles from beginning, and thus, we can reverse our procedure. If these states exist they have to satisfy the Rindler grand-canonical KMS condition. This condition, in terms of string coordinates, reads as the condition in Eq. (6) and (7), provided the chemical potential be analytically continued to imaginary values. For β < 2π at least, we expect the Rindler continued function to coincide with those found by Guimarães and Linet in the massive case.
Summary
In this work, we have saw that Guimarães-Linet's Green functions of a charged massless field, found around a cosmic string carrying a magnetic flux, can be analytically continued in the Rindler space. The continued two-point functions satisfy several identities and analytic properties necessary to define a grand-canonical quantum state in the canonical (Hamiltonian) formalism. In this picture, the chemical potential corresponds to imaginary values of the (fractional part of) magnetic flux. However, in general, these functions do not satisfy the physically expected requirements µ = 0. This condition, for the case of massless particles, is obtained in a finite box where the partition function can be directly defined, but there is some difficulties in attempting to extend it in a spacetime as Rindler's wedge which is not ultrastatic and has spatial sections with infinite volume. Thus, it is not so obvious whether or not this requirement has to hold for the Rindler case and how, in practice, it could work. We have saw that, actually, the requirement does hold also in the Rindler case. In fact, within algebraic approaches to quantum field theory, it is related to the positivity condition on the functional defining the quantum state in the * algebra of three-smeared observables. We concluded that Guimarães-Linet's Green functions continued in the Rindler wedge cannot define (grand-canonical or not) quantum states whenever µ = 0 despite of the correctly expected analytic structure of the master function including the KMS conditions which are fulfilled. We have found also that the case µ = 0 coincide with the well known canonical ensemble case. We have remarked that our negative result should not remain in the massive case. Anyhow, in this case, mathematical difficulties do not allow to proceed with a direct approach. If our supposition is correct, an interesting "duality" relation arises between grand-canonical quantum field theory in the Rindler wedge and quantum field theory around a cosmic string carrying a magnetic flux.
To conclude we can stress that a lesson appears clear from our results. The positivity condition on the functional generated from two-point functions, necessary to define a (quasifree) quantum state in the GNS representation, is completely independent of any further analytic properties of these time-complex continued two-point functions.
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Appendix: Some remarks on grand canonical two-point functions and algebraic formalism
This Appendix is devoted to point out some elementary aspect of the quantum field theory in a curved background and summarize, very quickly, some general feature of grand canonical two-point functions, in particular as far as the algebraic formulation of the theory is concerned. Let us consider a charged quasi-free scalar fields propagating in a static globally hyperbolic manifold M = IR × S endowed with a static metric:
(the coordinates X i are referred here to the spatial section S). Let us start by supposing that the metric above-written is ultrastatic, namely g τ τ = −1. Then, it is known that the spatial section S, which is a Cauchy surface, is complete as a metric space [10] . We impose a further condition: S is compact an thus, has a finite Riemannian measure. In this case, following the way outlined in [2, 10] , one can employ canonical quantization defining the field operatorφ, namely, the usual "operator valued distribution" [10] . Then one may proceed to define the Hilbert-Fock space of the theory by the usual creation and destruction operators and the vacuum state referred to the positive frequency modes of the field with respect to the temporal static coordinate τ . We specify that we employ the three-smeared canonical formalism, namely, all the considered "distributions" work on C ∞ (M) test functions which are solution of Klein-Gordon motion equations and have a compact support on the manifold Cauchy surfaces S. The action of the "field operator"φ on these solutions defines a true bounded operator in a opportune dense domain of the Hilbert-Fock space containing a complete set of proper eigenvectors of the Hamiltonian operator. This operator read:
Above, h is the determinant of the induced metric on S and n is the normalized vector normal to S and time-oriented. The integration can be interpreted after one decomposed the "field operator" in positive and negative frequency modes. These modes are trivially related to the (proper) Hilbertian base of a self-adjoint extension of the Laplace-Beltrami operator on S. We stress that, in our case, S has a finite measure and thus the Laplace-Beltrami operator and the related one-particle Hamiltonian operator, which is the square root of this operator, has a discrete spectrum with finite molteplicity [16, 10] . The classical meaning of the three smeared operators above is obvious after one has decomposed the smooth solutions as f = f + + f − , where f + contains positive frequency modes only and f − negative frequency modes only (we remind the reader that, in general, if S is not compact, f + and f − have not a Cauchy compact support despite of the Cauchy compact support of f [10] ). Notice that this decomposition, and thus all the related tools, depends on the choice of the time τ explicitly. This choice fixes the quantum vacuum and the concept of particle. Hence, decomposing the one-particle Hilbert space (before we impose the charge superselection rule) as H = I C 2 ⊗ H s , where the first factor is the charge space and the second one is the chargeless one-particle space, one can associate a particle (charge 1) quantum state |+, Ψ f >= |+ > ⊗|Ψ f > to the function f + and an antiparticle (charge −1) quantum state |−, Ψ f >= |− > ⊗|Ψ f > to the function f − . The considered parts of the function f and the corresponding states have, respectively, the same Fourier coefficients in the decomposition in terms of eigenvectors of the Hamiltonian (and the charge) operator. In this sense, the smooth complex wavefunction f carries the whole information on two quantum states corresponding to a particle and an antiparticle. The one-particle quantum space may be built up by completing the linear manifold generated by the states |+, Ψ f >, |−, Ψ f > for all the functions f , and then imposing the usual super-selection rule. We remark that f is not the "position representation" of the quantum states which is nonlocal [10] .
It holds, on a dense proper domain in the Hilbert-Fock space (containing a proper Hilbertian base of the Hamiltonian of the system):
where, working on the vacuum state |0 >, b † Φ (linear in Φ) creates antiparticles, b Φ (antilinear in Φ) destroys antiparticles, a † Ψ (linear in Φ) creates particles and finally, a Φ (antilinear in Φ) destroys particles. In particular, we have:
Other very important features of the operators (f, φ ( †) ) are the commutation relations corresponding to the classical formal bosonic commutation relations:
(the independent remaining commutators vanish)
where we have defined the symplectic indefinite scalar product on C ∞ (M) Cauchy compact support solutions of the motion equations:
such that
As another important comment, we report the following fundamental identities which follow from the above formulae trivially:
In our hypotheses, the left hand side of the equation above can be written as
W ± (x, x ′ ) are the vacuum Wightman functions. These are distribution, in the sense that an ǫ prescription is understood in evaluating the intergals above. It is worthwhile stressing that we do not use the term "distribution" in the sense of Schwarz's generalized functions or D ′ generalized functions necessarily. The explicit form of the (regularized) ǫ dependent W ± (x, x ′ ) can be obtained evaluating the left sides of Eq.s (33) and (34) and imposing the ǫ regularization in the temporal dependence of the normal modes in order to change the order of spatial and modes integration (in our case summation). Very formally, we can write:
and
Anyhow, these formulae have to be understood in the sense of the ǫ prescription. Let us come back to the identity (30). Let E(x, x ′ ) be the "advanced-minus-retarded" bisolution of motion equations, which is known to exist in every globally hyperbolic manifold [10] . This function propagates smooth solutions outside from any Cauchy surface Σ:
As a consequence, we get:
By posing Σ = S and confronting with Eq.(30), we obtain the following formal identity:
This means that the commutator in the left hand side of (30) can be understood as the threesmeared action on f and g of an integral kernel represented by the advanced-minus-retarded solution.
Furthermore, taking the vacuum average of both sides in Eq.(30) and dealing with as above, we get another three-smeared distribution identity:
The function E(x, x ′ ) gets a central role in studying the relation between three-smeared and four-smeared formalism. We address the reader to [14] for a deep report on the relation between four-smeared formalism and three-smeared (canonical) formalism (also when the measure of Σ is not finite and the metric admits no temporal Killing vector). In our hypotheses, provided the field be charged, there is a conserved charge represented by a self-adjoint operatorQ defined in the Hilbert-Fock space of the system. This operator generates the usual unitary U (1) representation. We shall suppose that the smallest eigenvalue of |Q| is |e| = 1. The chargeQ is conserved with respect to the unitary representation of the τ −isometries of the metric (24) generated by the Hamiltonian of the system. Then, one can consider thermal states such as the temperature and the chemical potential µ related to the charge above are fixed. They are grand-canonical ensemble states. One can define the grand-canonical partition function:
whereĤ is the nonnegative self-adjoint operator representing the Hamiltonian of the system in the Hilbert-Fock space. The unitary one-parameter groups generated byĤ andQ commute due to the conservation ofQ (this can be assumed as a definition), therefore the exponential in the formula above is well-defined. Furthermore, the operators are such that the exponential in the formula above is a bounded trace class operator. This fact holds if (1) is fulfilled where E 0 = Inf σ(Ĥ) and β ≥ 0. The quantum state is defined through a normalized statistical operator:
The thermal Wightman functions, which take account of the whole information of the quantum state, related to the mixed state in the previously considered trace, are formally defined as usually by (X, X ′ are spatial triples of coordinates and t = τ − τ ′ ):
This definition requires a certain care in evaluating the trace, because its arguments are not trace class operators. We address the reader to [2, 10] for a better explanation of this point. We specify only that the involved tracing operation can be performed on a Hilbertian base of proper eigenvectors of the Hamiltonian and charge operator after one introduced a −iǫ part (ǫ > 0) in the temporal arguments of the employed field modes. We remark that, differently from the nonthermal theory, in the thermal theory the parameter ǫ must be also bounded from above. This defines an ǫ−parametrized class of functions G βµ ǫ,+ (t, X, X ′ ) and G βµ ǫ,− (t, X, X ′ ). In the sense of the ǫ prescription (namely "take the limit as ǫ → 0 + after you integrated on test functions") they define integral kernels in both arguments working on four-smeared test functions exactly as in the vacuum case considered above, and it holds:
We do not report in deep on these topics (see [2, 10, 4, 14, 17] for complete reports following also different approaches). Let us consider some invariancy properties of Wightman functions. An important invariance property of grand canonical quantum states (as a statistical mixed state) is the obvious invariance under the combined action of charge conjugation and chemical potential reversal. This property can be extended to the Wightman functions. The charge conjugation operatorĈ is defined as the unitary operator satisfying (in the "distribution" interpretation)Ĉφ(t, X)Ĉ † =φ † (t, X),ĈĤĈ † =Ĥ andĈQĈ † = −Q. Using the cyclic property of the trace in Eq. (47) and (48) it arises, in the three-smeared distribution interpretation
where we have defined (with the distribution interpretation):
and similarly for the remaining Wightman function. We shall assume the identity in (49) as a requirement to impose on a general grand canonical Wightman function. Let us suppose to deal with theories time-reversal invariant and represent this invariance by means of Wightman functions. Employing the time reversal antiunitary operatorT , such that Tφ(t, X)T † =φ † (−t, X),TĤT † =Ĥ andTQT † =Q and the cyclic property of the trace, the time reversal invariance can be written as:
Where we have defined
and similarly for the remaining Wightman function. We assume (50) as the definition of a time-reversal invariant Wightman functions (see [2] for a deeper explanation). The final very important feature is that, as in the nonthermal case, in the usual distribution interpretation (x ≡ (τ, X)):
This means that our theory comes out from a bosonic canonical formalism. Let us consider the Wightman functions as functions properly defined in the whole complex time plane. This can be done by studying the previous ǫ − parametrized class of functions G 
and continue the z variable in the complex plane as far as it is possible. Performing an analysis similar to that in the canonical-ensemble case [2] , the functions G βµ + (z, X, Y ) and G βµ − (z, X, Y ) result to be analytic inside of the strips −β < Imz < 0 and 0 < Imz < β respectively. They also coincide on the real axis when the arguments (τ, X) and (τ ′ , X ′ ) are space-like related. Thus, both the functions define the same analytic function G βµ (z, X, X ′ ) inside of the strip −β < Imz < β except for two cuts lying on the real axis which start, respectively, from two points on the real axis corresponding to the arguments light-like related, and run along opposite directions towards ±∞ respectively. Such cuts corresponds to time-like related arguments. In the limit of a vanishing mass, these cuts disappear and the previous pair of branch points become a pair of poles. This is a quite general phenomenon which arises also in the case of nonthermal and canonical-ensemble two-point functions.
We shall term the complex-time function above the master function. In the canonical-ensemble case, this function has been studied in deep in [2] . In checking the properties pointed out above, one has to interpret the Wightman functions as functions strictly speaking. The ǫ prescription is then related trivially to the choice of which complex-time half-plane one has to consider approaching the real time axis in order to get the two different Wightman functions. In fact, one recovers: 
Formally employing the cyclic property of the trace as well as trivial manipulations, or more rigorously by followig a way similar to that traced in [2] for the canonical-ensemble case, one can find the KMS identity [18, 2] in the case of a grand-canonical ensemble:
Hence, the master function can be continued in the whole z complex plane, except for an infinite number of cuts obtained from the pair previously pointed aut on the real axis, by adding constant imaginary parts inβ, n ∈ Z Z. The master function so far extended satisfies the KMS condition for grand-canonical ensembles (n ∈ Z Z):
Let us now consider the Euclidean theory. The Schwinger function related to the previous master function is then defined by (θ ∈ IR):
The Schwinger function trivially satisfies the identity: S βµ (θ + nβ, X, X ′ ) = e −nβµ S βµ (θ, X, X ′ ).
as well as the Green identity (see the corresponding proof in [2] in the canonical-ensemble case):
where ∆ = g −1/2 ∂ a g ab g 1/2 ∂ b is the Laplace-Beltrami scalar operator in the Euclidean time periodic manifold of period β and x ≡ (θ, X) (x ′ ≡ (θ ′ , X ′ )). The Feynman propagator arises by a rigid anticlockwise rotation of the Schwinger function domain, from the Euclidean time to the real time. It reads equivalently (x ≡ (τ, X)):
